THE INVERSE PROBLEM OF DIFFERENTIAL GALOIS THEORY 

OVER THE FIELD R(z) 



TOBIAS DYCKERHOFF 

Abstract. We describe a Picard-Vessiot theory for differential fields with non al- 
gebraically closed fields of constants. As a technique for constructing and classify- 
ing Picard-Vessiot extensions, we develop a Galois descent theory. We utilize this 
theory to prove that every linear algebraic group G over R occurs as a differential 
Galois group over R(z). The main ingredient of the proof is the Riemann-Hilbert 
correspondence for regular singular differential equations over C(z). 



1. Introduction 

Given a differential field F with field of constants K and a linear algebraic group 
G over K, does there exist a field extension E/F with differential Galois group G? 
This problem is known as the inverse problem of differential Galois theory. For the 
classical case F = C(z), the first complete answer was given by C. Tretkoff and M. 
Tretkoff in 1979: 

Theorem 1.1. Given any linear algebraic group G over C, there exists a Picard- 
Vessiot extension E of C(z) whose differential Galois group is isomorphic to G. 

Proof. |TT79j □ 

The main ingredient of the proof is the Riemann-Hilbert correspondence for reg- 
ular singular differential equations on P 1 which is a transcendental result. 
Since then, a positive answer to the inverse problem has been obtained over K(z) for 
any algebraically closed field K (cf. |MS96] , }Har05j ). The proof is purely algebraic 
and uses the structure theory of linear algebraic groups. 

In this paper, we generalize the classical result to the following theorem. 

Theorem 1.2. Given any linear algebraic group G over R, there exists a Picard- 
Vessiot extension E ofM(z) whose differential Galois group is isomorphic to G. 

We remark that this theorem also generalizes the inverse problem of finite Galois 
theory over M(z) which was solved by W. Krull and J. Neukirch in |Neu71| . 



To prove the theorem, we first establish an appropriate Picard-Vessiot theory over 
non algebraically closed fields of constants of characteristic zero. This is done in 

l 
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Section [2 We use ideas from |Lev90] as a starting point, but we give simplifications 
and additional results. Given a differential equation over a differential field F, there 
are two immediate natural questions: Does a Picard-Vessiot extension exist and if 
so, is it unique? Both questions have a positive answer in the case of an algebraically 
closed field of constants. We are able to prove the following existence result in the 
general case: 

Theorem 1.3. Let S be a d-ring which is noetherian, integral and of finite Krull 
dimension. Let F be the field of fractions of S whose field of constants we denote by 
K. Assume that Spec(5) has a K-valued point which is regular. Then for any dif- 
ferential equation with coefficients in S C F there exists a Picard-Vessiot extension 
E/F. 

The uniqueness of a Picard-Vessiot extension fails, but we obtain a classification 
result which will be explained in the following paragraph. 

In Section [31 we develop a descent theory for Picard-Vessiot extensions. This is 
an essential tool which we will use to construct and classify such extensions. 
Let F is a differential field with field of constants K and L/K an algebraic Galois 
extension. Then our main result is an equivalence between the category of Picard- 
Vessiot extensions E/F and such extensions over F®kL equipped with an action of 
the Galois group of L/K (Theorem 13. 1 [) . An immediate consequence of this theorem 
is a classification of Picard-Vessiot extensions by Galois cohomology: Let E/F and 
E'/F be Picard-Vessiot extensions and K be the field of constants of F. For a 
field extension L/K we call E' an L/K- form of E if El and E' L are isomorphic in 
(DRing/ Fl). 

Corollary 1.4. Let E/F be a Picard-Vessiot extension with d-Galois group G and 
let L/K be an algebraic Galois extension with Galois group V. Then the pointed 
Galois cohomology set H 1 (r, G(L)) classifies isomorphism classes of L/K-forms of 
E/F. 

The succeeding section contains a geometric proof of the differential Galois Cor- 
respondence in the case of a non algebraically closed field of constants. We do not 
refer to the descent theory from Section [3] which would yield a reduction to the al- 
gebraically closed case, but prefer to give a direct proof using Grothendieck's theory 
of descent for quasi-projective schemes |Gro71| . 

We remark that, restricted to the case of finite Galois extensions, our theory is 
slightly more general than the usual finite Galois theory. Namely, we extend the 
correspondence to finite etale G-torsors for a finite group scheme G over K. These 
are classically Galois if and only if G(K) = G{K). 
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Section [5] illustrates some phenomena of the developed theory by means of exam- 
ples. 

In Section [6] we establish some results on the interaction of the complex conjuga- 
tion in the complex plane and the monodromy representation of a singular differential 
equation. The key proposition which provides the link between the descent theory 
and the Riemann-Hilbert correspondence is proved in Section [7) 

Proposition 1.5. Let E/C(z) be a Picard-Vessiot extension for the matrix A £ 
Mat n (C(z)). If the equation ^| = Ay is equivalent to its conjugate = (r.A)y then 
E/C(z) descends to a Picard-Vessiot extension E/M(z). 

Combining the developed techniques, we prove the main theorem in Section [8l 
Roughly, by choosing an appropriate monodromy representation, we can assure that 
the corresponding differential equation will be equivalent to its complex conjugate. 
This allows us to apply Proposition 11.51 and obtain the final result. 



In this section we establish basic results of Picard-Vessiot theory over non alge- 
braically closed fields of constants K. We mainly follow [Lev90] but since we have 
some simplifications and additional results we will give detailed proofs. 

We introduce some conventions. It is understood that all fields under consider- 
ation are of characteristic zero. Whenever the symbol d occurs in connection with 
an English word it should be read differential. All derivations will be denoted by d. 
Derivations are extended to tensor products via the Leibniz rule 



We work over a field K of characteristic zero which is considered as a differential 
field with the derivation d = 0. 

Let DRing be the category of 9-rings. The objects are pairs R = (R,d) where R 
is a commutative ring with unit and d is a derivation on R. The morphisms are ring 
homomorphisms / : R — » S with f o d = d o f. 

Given a 9-ring S we define the category (DRing/S") whose objects are morphisms 



2. Basic Picard-Vessiot theory 



d(x (g) y) = d(x) y + x tg) d{y) 



and to localizations via the quotient rule 
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5 — > R in DRing and whose morphisms are commutative diagrams 

R *R' 

\ 

S. 

For a morphism S — > S" in DRing we define the base change functor —5/ : (DRing/S 1 ) — ► 
(DRing/S") mapping R to R<g> s S'. 

We define an extension of <9-rings R/S to be an injection 5 R in DRing. An 
extension of 9-rings R/S in (DRing/i^) is called geometric if R and S are integral 
domains whose fields of fractions have K as field of constants. The field K is then 
called the field of constants of R/S. A <9-ring S is called 9-simple if it has no 
proper, nontrivial (9-ideals. 

Let F be a differential field of characteristic zero with derivation d and field of 
constants K = {/ G F \ d(f ) = 0}. Consider the linear differential equation 





( Wl 


\ 




( Wl > 


d 






-1 








) 




\w n ) 



defined by the n by n matrix ^4 6 Mat n (F). A Picard-Vessiot extension E/F 
for this equation is defined to be a differential field over F with the properties 

(1) E/F is generated by a fundamental solution matrix for A, i.e. there exists 
a matrix W G GL n (£) such that d(W) = AW and E = F(Wij). 

(2) The field of constants of E is K. 

To a Picard-Vessiot extension E/F we associate the group functor 

Aat 9 (E/F) : (Algebras/if) — ► (Groups), L ^ Aut 9 (£ Ok L/F x L) 

which will turn out to be representable by an affine scheme of finite type over K. 
By Yoneda's lemma we conclude that the latter is a linear algebraic group over K. 

It turns out to be fruitful to replace the Picard-Vessiot extension E/F hy & more 
geometric object, the Picard-Vessiot ring. 

Definition 2.1. Consider the linear differential equation d(w) = Aw defined by the 
n by n matrix A £ Mat n (F). A Picard-Vessiot ring R/F for this equation is 
defined to be a d-ring over F having the properties 

(1) R/F is generated by a fundamental solution matrix for A, i.e. there exists 
a matrix W £ GL n (R) such that d(W) = AW and R = F[Wij,det(W) _1 ], 

(2) R is an integral domain, 

(3) R/F is geometric, 

(4) R is d-simple. 
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We abbreviate the first condition by writing R = F[W, W -1 ]. Clearly the field 
of fractions of a Picard-Vessiot ring is a Picard-Vessiot extension. The next lemma 
implies that condition (2) is automatically satisfied, since K will always be of char- 
acteristic zero. 

Lemma 2.2. Let R be a d-simple d-ring and suppose that R contains a field of 
characteristic zero. Then R is an integral domain. 

Proof. Let 7^ / E R be a zero-divisor. Then the localization map R — * Rf is not 
injective and so Rf = since R is <9-simple. This implies that / vanishes on the 
prime spectrum of R and must therefore be nilpotent. 

Consequently, the set of zero-divisors in R coincides with the radical ideal \/R of R. 
We claim that the latter ideal is a 9-ideal. Indeed, suppose / E \/R and let n be 
minimal such that f n = 0. Then we compute 

= d(f n ) = np^dif). 

But since n was chosen minimal and Q i?, we conclude that d(f) is a zero-divisor. 
The first part of the proof yields d(f) & y/R. Clearly, \fR is proper since 1 is not 
nilpotent and so x/H = 0, because R is d-simple. So R is a domain, again by the 
first part of the proof. □ 

We cite the following classical existence result whose proof can be found in [PS03J . 

Theorem 2.3. Let F be a d-field with algebraically closed field of constants and let 
A £ Mat n (i ? ). Then there exists a Picard-Vessiot ring for A. 

We will deduce all fundamental results of Picard-Vessiot theory more or less di- 
rectly from the following key lemma. It generalizes Theorem 1 in [Lev90j . 

Lemma 2.4. Let R = F[Y, Y^ 1 ] be a Picard-Vessiot ring over a d-field F for 
a matrix A € Mat n (-F). Let K denote the field of constants of F. Let S/F be 
a geometric d-ring extension. Assume there exists a fundamental solution matrix 
X G GL n (5) for A. 

Define U to be the K -algebra of constants in S®fR- Then U is a finitely generated 
K-algebra and the map 

9 : S ®kU — ► S ® F R, s (8) u (s <g) l)u 

is an S -linear isomorphism of d-ring s. 

Proof. In fact, the matrix Z = X^ 1 ®7 £ GL n (5 <S)p R) has coefficients in U since 
its derivative is the zero matrix. The surjectivity of 6 is clear, since we have the 
equation 

(1) 1 (8) Y = {X (8) \)Z 

and R is generated by Y . 

The injectivity is a little more difficult. Let P be the kernel of the map 9. It is a 
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d- ideal of S <S>k U and we will show that it is trivial. Choose a if-basis {e{\ of U 
where i runs over some index set. Note that the elements ej are constants since U 
consists of constants. Let / = ^ s « ®K e i G P with Sj £ <S such that the number 
of nonzero Sj occuring in the sum is minimal. Call this number the length of /. If 
Si = for all i we are done, so assume without loss of generality that s = si ^ 0. The 
element d(f)s — fd(s) lies in P and has smaller length than /. So all its coefficients 
d(si)s — Sid(s) must vanish. Therefore the elements — in the field of fractions of S 
are constants so by assumption they lie in K. Thus we conclude that / is of the form 
s <£>k u for u E U. Then, because / lies in the kernel of 9, we conclude (s ® = 0. 
But multiplication by (s <8> 1) in S <S>f R is a flat base change of multiplication by 
s / in S and thus injective because S is an integral domain. Thus u = and 
finally / = 0. 

The restriction of 6 to if [Z, Z^ 1 ] C J7 is surjective by (pQ) and trivially injective. But 
then it is an isomorphism which implies K[Z, Z^ 1 ] = U. Therefore, U is a finitely 
generated if-algebra. □ 

Corollary 2.5. Let E/F be a Picard-Vessiot extension with algebraically closed field 
of constants K . Let R/F be a Picard-Vessiot ring for the same matrix. Then there 
exists an embedding 

R^ E 

of differential rings over F. In particular, E is the field of fractions of a Picard- 
Vessiot ring. If E/F is generated by the fundamental matrix W then its correspond- 
ing Picard-Vessiot ring is explicitly given by F[W, W' 1 ]. 

Proof. In Lemma 12.41 set S = E. The restriction of the inverse map of 9 to 1 ®p R 
gives an injection 

R^ E® K U. 

Since U is of finite type over K and K is algebraically closed, there exists a if- valued 
point p £ Hornet/, K). Composing the above injection with 1 <g)p yields the desired 
injection, because R is <9-simple. 

Let E/F be a Picard-Vessiot extension for a given matrix. By 12.31 there exists a 
Picard-Vessiot ring R for the same matrix which can be embedded into E. But then 
clearly E is the field of fractions of R. The last assertion is clear by comparing W 
with the image of a generating fundamental matrix of R/F in E. □ 

One is tempted to prove the last assertion of the corollary directly, but the non- 
trivial assertion here is the 9-simplicity of F[W, W^ 1 ] C E. 

By using a little descent theory we obtain a result for non algebraically closed fields 
of constants. 

Corollary 2.6. Let E/F be a Picard-Vessiot extension generated by the fundamental 
matrix W. Then the ring R = F[W, W^ 1 ] C E is a Picard-Vessiot ring over F. In 
particular, E is the field of fractions of a Picard- Vessiot ring. 
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Proof. We have to show that R is 3-simple. By |Sti93l III. 6.1] we know that Ej^/Fj^ 
is a geometric <9-field extension so it clearly is a Picard-Vessiot extension. By Corol- 
lary 12.51 we conclude that R-j^ C E-g is d-simple. Suppose P C R is a nonzero 
9-ideal. Because K/K is faithfully flat, Pj^ cannot be and thus Pg = R^. So 
there exist pi £ P and G R-% such that ^ r *P« = 1- Summing over the finitely 
many Galois conjugates of both sides (with respect to K/K) and using the assump- 
tion char(ET) = implies P = R. Thus R is 9-simple and therefore a Picard-Vessiot 
ring over F. □ 

Corollary 2.7. The first three conditions in Definition \2.1\ imply the last condition. 

Proof. Let R/F be a <9-ring extension satisfying the first three conditions of 12.11 Let 
E/F be the corresponding extension of function fields. Clearly, E/F is a Picard- 
Vessiot extension. By Corollary 12. 61 we obtain that R/F is a Picard-Vessiot ring. □ 

The next theorem gives an existence result which is also valid in the case of a non 
algebraically closed field of constants. 

Theorem 2.8. Let S be a d-ring which is noetherian, integral and of finite Krull 
dimension. Let F be the field of fractions of S, whose field of constants we denote 
by K. Assume that Spec(S') has a K-valued point which is regular. Then for any 
matrix A E Mat n (5) C Mat n (F) there exists a Picard-Vessiot ring R/F. 

Proof. Let O denote the structure sheaf of Y = Spec(S') and let x £ Y{K) be the 
regular point which exists by assumption. The stalk O x is a regular local ring. Let 
m C O x denote the maximal ideal. The derivation on S induces a derivation d x on 
O x which can be identified with an element of the dual space of m/m 2 . Therefore 
it is possible to choose generators t\, .. . ,t r of m reducing to a basis of m/m 2 such 
that d x {t\) = l(mod m 2 ) and d x (ti) = 0(mod m 2 ) for i > 1. 
Since O x is regular we obtain 

6 x ^K[[t 1 ,t 2 ,...,t r ]} 
where O x denotes the m-adic completion of O x . We have injections 

s^o x ^ 6 X . 

Recursively, we may replace ij by elements in t{ + m 2 such that, letting t = t\, the 
derivation ^ on K[[t, t?, . . . , t r ]] induces the given derivations on O x and S. Clearly, 
the transformed parameters still generate O x as a power series ring. So we may 
assume d = A ■ 

We want to construct a fundamental matrix W £ GL n {O x ). Considering the fact 
that 

K[[t,t 2 ,...,t r }]^K[[t}] [[t 2 ,...,t r ]] 

we may write 

A = A + A x t + A 2 t 2 + ... , Ai £ K[[t 2 , t r }] 
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and make the Ansatz 

W = W + W 1 t + W 2 t 2 + ... ,Wi€ K[[t 2 , . . .,t r ]]. 
The desired condition d(W) = AW yields the recursive equations 
(2) iWt= A 3 W * 

j+k=i—l 

for each i > 0. As an initial condition we set Wq to be the identity matrix and 
obtain a unique solution W to ([2|. 

We define R = F[W, W^ 1 ] C Quot(O x ). Clearly, R/F is geometric and integral, so 
it is a Picard-Vessiot ring by 12.71 □ 

Corollary 2.9. Let K be a field and A £ Mat n (K(t)). Then there exists a Picard- 
Vessiot extension over K{t) for A. 

Proof. Choose a point x E ^ 1 {K) such that A £ M&t n (K[t] x ) (i.e. x is a regular 
point of A). Now apply the preceding theorem to S = K[t] x . □ 

The next proposition is a special case of Lemma 12.41 

Proposition 2.10. Let R/F, R'/F be Picard-Vessiot rings for the same equation. 
Then the map 

6 : R' ® K U — ► R 1 ® f R, s <g> u i-> (s <g> l)u 
is an R' -linear isomorphism of d-rings. 

Using this proposition, we deduce the representability of the functor Aut 5 (R/F) 
for a Picard-Vessiot ring R/F. We actually prove a more general statement which 
also implies the uniqueness of a Picard-Vessiot ring for a given equation in the case 
of an algebraically closed field of constants. 

Corollary 2.11. Let R/F, R'/F be Picard-Vessiot rings for the same equation. 
Then the functor 

Isom 9 (R.R') : (Algebras/if) — ► (Sets), L ^ lsom d {R L , R' L ) 

is represented by Spec(C7) over K. The isomorphisms are considered in (DRing/Fi) 
and L is provided with the trivial derivation. 

Proof. We have to show that Hom/ s -([/, — ) = ]sgm d (R, R'). Let L/Kbea if-algebra. 
Then 

Hamjc(L7, L) = Hom|,(i?' ® K U, R' L ) 
^Hom|,(i?' ® F R,R' L ) 
^Rom 9 F (R, R' L ) 
^Rom FL (R L ,R' L ) 
^lsom d FL (R L ,R' L ), 
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where the rigidity in the last step can be concluded as follows: From the (^-simplicity 
of R one concludes that any element / of Hom^i?, R' L ) must be injective. But then 
a fundamental matrix generating R/F is mapped to a fundamental matrix Y in 
R' l /Fl. Observing that the constants in R' L equal L, this implies surjectivity of /t 
(Let Z be a generating fundamental matrix of R' l /Fl- Then ZY~ l is a constant 
matrix and therefore Y generates R' l /Fl). □ 

Of course, this implies the representability of Aut ^( R/F): 

Corollary 2.12. For a Picard-Vessiot ring R/F the group functor Aut 8 (R/F) is 
represented by G = Spec(U), where U is the K-subalgebra of constants in R ®p R. 
Thus, G = AutP (R/F) is a linear algebraic group over K . 

Here, by a linear algebraic group over K we mean an affine group scheme of finite 
type over K. We call G the <9-Galois group of R/F and denote it by Gsl d (R/ F). 

Corollary 2.13. Let R/F, R'/F be Picard-Vessiot rings for the same equation 
and let G = Gal * 9 (R/F). Then the scheme ]som d (R, R') is a G-torsor over K. In 
particular, if K is algebraically closed then a Picard-Vessiot ring for a given equation 
is unique up to isomorphism in (DRing/F). 

Proof. The first assertion is immediate from Corollary 12.111 The second statement 
follows from the existence of a K- valued point of the scheme lsom 9 (R' , R) which 
naturally translates into an isomorphism of R' and R. □ 

To justify the introduction of Picard-Vessiot rings, we claimed they were geometric 
objects. This statement has in fact a very concrete meaning which we exhibit in the 
next theorem. It is a generalization of the Torsor Theorem in [PS03], though our 
proof will be different. Indeed, all we have to do is to interpret the isomorphism in 
12.101 appropriately. 

Corollary 2.14 (Torsor Theorem). Let R/F be a Picard-Vessiot ring. Set X = 
Spec(-R) and Y = Spec(-F). Then X is a Gy -torsor over Y . 

Proof. The functor Aut 8 (R/F) acts on X. Under the isomorphism 

(3) G ^ Aut 9 (R/F) 

given explicitly in the proof of Corollary 12.111 this action translates into an action of 
Gonl (over K). 

Using the notation of 12.101 (with R' = R), we claim that this action is given by the 
spectrum of 

A : R — >R® K U(= R® F U F ) 
where A is the restriction of the inverse of to 1 R. 

Let (j) € Kut 9 (Rl/ Fl) for a JT-algebra L. Under the isomorphism ([3|), 4> is mapped 
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to the restriction of 

(4) R L ® L U L — Rl ®f l Rl — Rl 

to 1 ®l Ul, which yields an element in Hornet//,, L). All we have to show is that 
we obtain <p if we compose Al and 1 <8> g<j>. But this follows immediately from the 
explicit description of in (jlj). 
Therefore J is a Gy-space with action given by 

Spec(A) :Xx Y G Y — >X. 

Finally, Proposition 12.101 implies that the map 

X x y G Y — > X x Y X 

induced by Spec(A) and the first projection is an isomorphism or, in other words, 
X is a Gy-torsor over Y. □ 

The next corollary generalizes parts of Corollary 1.30 in [PS03J. 

Corollary 2.15. Let R/F be a Picard-Vessiot ring with field of fractions E/F. Let 
X — > Y be the spectrum of F R and let G be the d-Galois group of R/F. Then 

(1) X —* Y is smooth. 

(2) The transcendence degree of E over F equals the dimension of G. 

Proof. The smoothness follows from the Torsor Theorem by faithfully flat descent 
of this property. The transcendence degree of E/F equals the relative dimension of 
X — ► Y which is equal to the dimension of G by the Torsor Theorem. □ 

3. Galois descent for Picard-Vessiot extensions 

Let F be a 9-field of characteristic zero and F/F a 9-field extension which is an 
algebraic Galois extension of F. Let T be the Galois group of F/F. A descent 
datum to F in (DRing/F) is a pair (R, p) where R is an object of (DRing/F) and 
p : r — ► Aut 9 (.R) is a continuous action of T on R such that the map F — » R is 
T-equi variant. 

The descent data form the objects of a category which we denote by (DRing/i^) r 
where the morphisms are T-equivariant morphisms in (DRing/i 7 ). 
Applying the base change functor to an object R in (DRing/F) we obtain a de- 
scent datum. It is easy to see that the resulting functor between (DRing/i 7 ) and 
(DRing/F) r establishes an equivalence of categories (this is an obvious extension of 
the classical result for vector spaces which in turn is a trivial case of faithfully fiat 
descent of quasi-coherent modules [Gro71[ VIII]). In other words, descent data to F 
in (DRing/F) are effective. 

We define the category (PV/F) of Picard-Vessiot extensions over F as a full 
subcategory of (DRing/F). Let K/K be a Galois extension. The field of constants 
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K is algebraically closed in F, since any element which is algebraic over K has to be 
constant itself. We conclude that F := F ®k K is a 9-field with field of constants 
K [Sti93, III. 6.1]. Also, the extension F/F is Galois with Galois group isomorphic 
to the Galois group of K/K. 

Let (PV/F) r denote the full subcategory of (DRing/F) r given by those descent data 
whose underlying rings are Picard-Vessiot extensions of F. The functor —& maps 
objects in (PV/F) to objects in (PV/F) r . 

Theorem 3.1. The functor 

B : (PV/F) — ► (PV/F) r 

which is given by base change is an equivalence of categories. 

Proof. Let (F, p) be an object in (PV/F) r . Descent data to F in the category 
(DRing/F) are effective and we obtain the corresponding d-field F/F by taking 
invariants of F under the action p. The field of constants of F being K implies that 
the field of constants of F is K since the Galois action commutes with the derivation. 
Thus we only have to show that F/F is generated by a fundamental matrix of a 
linear <9-equation with entries in F. 

Let F/F be generated by the fundamental matrix W 6 GL n (F) for the matrix 
A £ Mat n (F). Since F/F is Galois the field which is generated over F by the 
entries of W and A is contained in a finite Galois extension F'/F. The field E' is 
the field of invariants of F under an open normal subgroup AcT. We also define 
F' := F A resp. K' := K A obtaining finite Galois extensions of F resp. K. 
Let B = (1, 62, . . . , b m ) be a K- vector space basis of K' . It is also a basis of F' over 
F and F' over F, respectively. Note that the elements of F' C E' are exactly the 
elements having coordinates in F with respect to B. 
Consider the map 

H : E' — ► Mat m (F) 

sending an element x of F' to the matrix representation of the endomorphism "mul- 
tiplication by x" with respect to the basis B. The image of F' under p lies in 
Mat m (F). Since B consists of constants the map [i commutes with the derivations 
and is thus a map of (noncommutative) 9-rings (the derivation on the ring Mat m (F) 
being entry- wise). 
We compute 

d(n(W)) = fi(d(W)) = n(AW) = K^MW) (€ Mat mn (F)) 

where p (and d) is applied to every entry of the respective matrices. Furthermore, 
we have 

1 = p(WW- 1 ) = p{W)p{W- 1 ) 

and so p(W) G GL mn (F) is invertible and thus a fundamental solution matrix of 
p(A) £ Mat mn (F). 
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All entries of W are if '-linear combinations of entries of n(W) thanks to the element 
1 being contained in the basis B. So E/F is generated by the entries of ^(W). But 
this means that the inclusion map F((i(W)ij) C E becomes an isomorphism after 
applying the faithfully flat base change — ®p F and thus F(fi(Wij)) = E. □ 

Let E/F and E'/F be Picard-Vessiot extensions and if be the field of constants 
of F. For a field extension L/K we call E' an L / K-form of E if El and E' L are 
isomorphic in (DRing/F^). 

Corollary 3.2. Let E/F be a Picard-Vessiot extension with d-Galois group G and 
let L/K be an algebraic Galois extension with Galois group V. Then the pointed 
Galois cohomology set H 1 (r, G{L)) classifies isomorphism classes of L/K -forms of 
E/F. 

Proof. This is clear since G{L) = kvX d (E L /F L ). □ 

The corollary shows that we have a correspondence between L/K- forms of a given 
Picard-Vessiot extension E/F and G-torsors over K which split over L (where G 
is the differential Galois group of E/F). On the level of Picard-Vessiot rings, we 
can make this correspondence explicit. Indeed, let R C E be a Picard-Vessiot ring 
(which exists by I2.6j) . To an Lj 'if -form E'/F of E/F with corresponding Picard- 
Vessiot ring R' C E', we associate the functor Isom ^ffi, R') which is a G-torsor over 
K bv 12331 

This result fits well with the theory of Tannakian categories where the fiber functors 
of a given category are also classified by the torsors of the Tannakian fundamental 
group (cf. |DM82j , |Del90j ) . Actually, every L / if- form of a Picard-Vessiot extension 
yields a fiber functor for a Tannakian category associated to the original differential 
equation. A remarkable advantage over the general Tannakian theory is, that we 
have an explicit description of the schemes which represent the Isom -functors in 
terms of the differential- algebraic structure on the Picard-Vessiot rings. 

4. The Galois Correspondence 

The next theorem generalizes the Galois Correspondence to non algebraically 
closed fields of constants. Using the theory developed in the last section it is obvi- 
ous how to obtain a Galois correspondence by descending from the correspondence 
over K. 

However, we prefer to give a direct proof using the Torsor Theorem together with 
the theory of descent for quasi-projective schemes. 

First, we need a functorial version of invariants. Let S be a if -algebra. Let H 
be a if -group functor which acts on S. By this we mean that for any if -algebra L 
the group H{L) acts on Sl and the action is functorial in L. We say that s £ S is 
invariant under H, if for all if -algebras L the element s (g> 1 6 S ®k L is invariant 
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under the action of the group H(L). We write S H for the ring of invariants of S 
under H. 

Lemma 4.1. Let H be a linear algebraic group over K acting functorially on a 
K-algebra S. Then s £ S is invariant under H if and only if it is invariant under 
H(K). 

Proof. Let H = Spec(C7). Then the action of the universal point in H(U) given by 
id[/ determines a universal action A : S — > S (&k U. 

Suppose s 7^ is invariant under H(K). Extend s\ := s to a basis {s^ of S. Write 
^( s ) = Sl=i s i® u i- By the invariance of s we conclude that Ui(g) = for i > 1 for 
every g G H{K). So the functions Ui, i > 1 vanish on the closed points of H and 
by Hilbert's Nullstellensatz they vanish on all of H. Thus the Ui are nilpotents but 
since any linear algebraic group in characteristic zero is reduced we conclude Uj = 
for i > 1. The same argument applied to u\ — 1 shows that «i = 1 ,thus A(s) = s 
as we had to show. □ 

Proposition 4.2. Lei F be a d-field with field of constants K . Let E/F be a Picard- 
Vessiot extension with d-Galois group G. Let H be a closed K -subgroup of G. Then 
the inclusion F <— > E H is surjective if and only if H = G. 

Proof. Let R C E be a Picard-Vessiot ring over F (which exists by 12. 6p . By 12.141 
X = Spec(i?) over Y = Spec(-F) is a G-torsor. Consider the functor which maps 
an F-algebra S to the orbit set X(S)/ Hp(S) and denote its corresponding sheaf 
by X/H ( |Jan87l I, 5.5]). Since X becomes isomorphic to the trivial torsor G over 
a finite Galois extension of F, we conclude that X/H becomes isomorphic to (the 
base change of) G/H. But by |Spr98 12.2.1] the functor G/H is representable 



by a smooth quasi-projective scheme over K. So we may apply descent for quasi- 
projective schemes ( [Gro71l VIII 7.7]) to conclude that X/H itself is representable 
by a smooth quasi-projective scheme over F. Since X/H is a quotient of a connected 
scheme it must be connected and thus integral by smoothness. The map X — > X/H 
is an ff-torsor ( |Jan871 loc. cit.]). 

The function field of X/H is E and the inclusion F <^-* E H is the map on function 
fields corresponding to the map X/H — > Y. 

In the case H = G, we obviously have F = E since X/G = Y. Next assume 
F = E H . Then, on the one hand the map X — > Y is the generic fiber of the map 
X — > X/H and thus an if -torsor, on the other hand X — > Y is a G-torsor. But this 
implies that the inclusion H ^ G becomes an isomorphism after the faithfully flat 
base change X Xk — ■ So H = G. □ 

Proposition 4.3. Let F be a d-field with field of constants K. Let E/F be a Picard- 
Vessiot extension with d-Galois group G. Let H be a closed normal K -subgroup of 
G. ThenE H /F is a Picard-Vessiot extension with d-Galois group G/H . 
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Proof. As in the proof of Proposition 14.21 we construct the scheme X/H — ► Y with 
with function field E H . Since E H = — >■ £7 it is clear that E H /F is geometric. By |2.7l it 
suffices to show that E H /F is generated by a fundamental matrix. By assumption 
H G is a normal subgroup. Then [Spr98, 12.2.2] implies that G/H is indeed an 
affine X-group scheme. But then by descent for affine schemes |Gro71l VIII, 2] the 
scheme X/H — * Y is affine itself. The natural action of G/H turns X/H into a 

G/H-tOTSOT. 

Choose a faithful linear representation G/H GL„ over K. This defines a left 
G/H -action on GL n . The fibration X x G GL n is defined to be the quotient of 
X/H Xk GL n under the right G-action given by (x,y) i— > (xg^^y). It exists by 
[Jan87j I 5.14] and is a GL n -torsor. Applying the flat base change X/H Xk — to 
the injection G/H GL n we obtain the commutative diagram 

X/H x K G/H c ^ X/H x K GL n 




X 



which is GY-ff-equivariant. Therefore it descends to the quotients and yields 
(5) X/H c X/H x °/ H GL n 




Y 



which is a G/-ff-equivariant embedding of X/H into a GL„-torsor over Y. 
By Hilbert 90 we have H 1 (i ? , GL n ) = and thus the latter GL n -torsor is trivial. 
So it is isomorphic to the spectrum of the F-algebra F[Z{j , det(Z) -1 ] = F[Z, Z^ 1 ]. 
Suppose that X/H is the spectrum of the F-algebra S. Then the embedding © 
induces a surjection F[Z, Z^ 1 ] —> S. So S = F[W, W~ l ] where W denotes the 
image of the matrix Z in S. Since the map is G/-ff-equi variant, the G/i/-action on 
S is given by mapping W to WC for C G (G/H)(L) <—* GL n (L) (for a i^-algebra 
L). Thus the matrix A := d(W)W~ 1 is G/iif-invariant and has therefore entries in 
F = S G / H . So W is a fundamental matrix for A £ Mat n (F) and generates E . 
We have a natural inclusion Gr/i? Gal 9 ( E H / F) which becomes an isomorphism 
after the faithfully flat base change X/H x% — , so this inclusion must itself be an 
isomorphism. □ 

Now we are ready to prove the Galois Correspondence. 

Theorem 4.4. Let F be a differential field with field of constants K and let E be a 
Picard-Vessiot field over F with d-Galois group G. Let 

H = {H <G\H closed K -subgroup scheme of G} 
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as well as 

A4 = {M\ F M <— > E extensions of differential fields }. 

(1) The map 

: M — > H, M i— > Gal^ff/M) 
«s an anti-isomorphism of lattices. The inverse map of \I/ is given by 

$ : W — E H . 

(2) If H £ Sj is a normal subgroup scheme of G then E H is a Picard- Vessiot 
extension over F with d-Galois group G/H . 

Proof. We proved (2) in 14.31 For (1) we first have to show that is well-defined. 
Let M £ M. We have a natural inclusion G&L d (E/M) ^ Gal 9 (E/F) and we 
have to show that it is closed. Let R > E be a Picard- Vessiot ring, then we 
showed in 12.121 that Gal 9 (E / F) is representable by the spectrum of the K- algebra 
(R ®f -R) 9 where — 9 means that we consider constants with respect to d. Thus, 
the group Gal 9 (E/M) is represented by the spectrum of (R®m R) 9 ■ The inclusion 
Gal 9 (E/M) •— > Gal (E/F) is given by the spectrum of the natural surjection (R®m 
R) 9 — > (R <8>f R) 9 of -fC-algebras. The kernel of this surjection is the defining ideal 
of Gal d (E/M) as a closed ET-subgroup of Gal 9 (E/F). 

From l4~2l we directly conclude that and $ are inverse to each other. □ 

5. Examples 

In this section we study some explicit examples. We consider the case of the 
Galois extension C/R with Galois group T generated by the complex conjugation r. 

5.1. G = G m . The differential equation 4f(y) = y over C(t) has the ring R = 
C(t)[y,y~ 1 ] as Picard- Vessiot ring. We extend the complex conjugation to R via 
T (y) = y- The ring of invariants under r is given by R = R(t)[y, y _1 ] which is a 
Picard- Vessiot ring by Theorem 13.11 The Galois group scheme G of R over R(£) is 
easily seen to be the group scheme G m over R. 

By Hilbert 90, we know that H 1 (r,G m (C)) is trivial and conclude by Theorem 13.21 
that R is the only R-structure on R. 

5.2. G = /X3. Let E = Quot(i?) with M-structure E = Quot(i2) from the previ- 
ous example. Let ^ be the closed normal subgroup scheme of G m defined by the 
equation z 3 = 1. We have E^ 3 = W(t)(y 3 ) corresponding to fi^ by the Galois cor- 
respondence. Note that we need to consider functorial invariants since //3(R) = 1. 
Also note that E/R(t)(y 3 ) is a finite 9-Galois extension but not a finite Galois exten- 
sion in the usual sense. This comes from the fact that in the theory described here, 
we also consider finite etale torsors as 9-Galois (since the Galois Correspondence 
includes them). 
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5.3. G = SO2. Consider the differential equation d{y) = iy over C(t) which induces 
the Picard-Vessiot ring R = C(t)[y, y -1 ]. There is an analytical interpretation of 
y as the function exp(zt). We extend the complex conjugation to a differential 
automorphism of R by letting r(y) = y . The corresponding ring of T-invariants 
R is a Picard-Vessiot ring over R(i) for the equation 

d{Y) = n{i)Y = ( ® " n My. 



N 1 

Here we use the notation of the proof of Theorem 13.11 where we choose the R-basis 
B = of C. The base extension R® — yields the -R-basis (1 (g) 1, 1 ® i) of i?. 

With respect to this basis, we write 

y = 7: (3/ + r (y)) ®i + 77: (2/ - T (y)) 

^2 ^ ^2?. 

cos(t) sin(t) 

Still following the proof of Theorem 13.11 the matrix 

cos(i) — sin(i) 



~ V sin(t) cos(t) 

is a generating fundamental matrix of R = R(i)[cos(t), sin(t)] with the only relation 
cos(t) 2 + sin(t) 2 = 1. The Galois group scheme of R over R(i) is the group scheme 
SO2 over R. By [Ser97} p. 141], there is a bijection between H 1 (r,S02(C)) and the 
set of classes of quadratic forms of rank 2 which have positive discriminant. We 
conclude that H 1 (r,S02(C)) consists of two elements. A nontrivial cocycle x 1S 
given by 

n ( -1 



-1 

Twisting the above T-action (r(y) = with \ we obtain the action T x (y) = —y^ 1 . 
This action corresponds to the Picard-Vessiot ring R' = R(t)[i cos(i), i sin(i)] with 
the relation (icos(t)) 2 + (isin(t)) 2 = —1 and according to Theorem 13.11 the ring R' 
is a nontrivial C /R-form of R. A fundamental matrix for R' is given by 

isin(i) — zcos(t) 
icos(i) isin(t) 

The Galois group scheme of R' over M(t) is again S02- In general, different forms of 
a given Picard-Vessiot ring do not need to have isomorphic Galois group schemes. 

5.4. G = C* (as R-structure on G^). We study the equation defined by 

1 -1 
1 1 



My) 



A 



over C(t). A Picard-Vessiot ring for A over C(t) is given by 

R = C(t)[x,y,z]/((x 2 +y 2 )z-l) 
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generated by the fundamental matrix 

Y = ( x ~ y 

V y x 

An analytical interpretation would be 

x = e* cos(i) 
y = e sin(i) 
z = e~ 2t . 

Taking invariants under the T-action given by t(x) = x and r(y) = y yields the 
R-structure 

R = R(t)[x,y,z]/((x 2 +y 2 )z-l) 

which has the Galois group scheme defined by the Hopf algebra 

U = R[a,b,c]/((a 2 + b 2 )c-l). 

Here the Hopf algebra structure is given by matrix operations on the universal matrix 
namely 

a —b \ fa —b \ fa —b 
b a J y b a J y b a 

a®a—b®b —a®b—b®a 
b® a + a®b —b®b + a®a 

for comultiplication and similarly for coinverse and counit. Thus we see that G is a 
C/M-form of G 2 m with 

G(R) = C*. 

By |Spr98[ 12.3.4. Proposition], there is an exact sequence of groups (all group 
schemes are commutative) 

det „ 



1 — * S0 2 (M) — ► G(K) 

-^H^r.SOaCC)) -^H^r.GCC)) ^H 1 (r,G m (C)) 

where the "1" comes from the surjectivity of 5. This implies that the map j is 
injective and thus H 1 (r,G(C)) is trivial, since H 1 (r,G m (C)) is trivial. Therefore, 
no nontrivial C/R- forms of R exist. 

6. MONODROMY AND GALOIS ACTIONS 

We consider the noncompact Riemann surface X which is obtained by removing 
a finite, nonemtpy set S of complex conjugate points from the Riemann sphere P . 
We assume that oo is contained in S. To emphasize the fact that we are working 
over the complex numbers, we switch from the variable t to the variable z. 
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Let r denote the Galois group of C/R with generator r. The group T acts contin- 
uously on X in the obvious way. We identify the sheaf of holomorphic functions O 
on X with its espace etale p : O — > X. So is a Riemann surface with underlying 
space IJ^gx ® x anc ^ P 1S a l° ca l homeomorphism (see [For814 Theorem 6.8]). 

Proposition 6.1. If f is a holomorphic function on U C X then the function r.f 
given by 

T O f O T^ 1 

is homolorphic on t(U). We have the formula 

dr.f df 

(6) ^z~ =T -Tz- 

In particular, this induces a continuous action of the group V on O. 

Proof. Chain rule. □ 

Next, we want to analyze how this action interacts with analytic continuation. 
Assume that f a is a germ of a holomorphic function at the point a £ X. By the 
proposition, r.f a is a germ of a holomorphic function at a. Let / be the real unit 
interval and 

a: I — ► X 

be a closed path with a(0) = a. Let a be a lifting of a to O with 5(0) = f a , i.e. an 
analytic continuation of f a along a. Then we define 

(r.a)(i) :=r.(a(t)). 

Because the action of T is continuous this yields a closed path in O with 

(r.d)(0) = r.f a 

which lifts the path r o a. Thus we conclude that t.ol is the (unique) analytic con- 
tinuation of T.f a along t o a. 

This observation has implications on the monodromy representation of a linear 
differential equation. Namely let A £ Mat n (C(z)) with complex conjugate singular- 
ities S and let a £ X(R) be a real regular point, meaning that all the entries of A 
are holomorphic at a. The general theory ensures the existence of a fundamental 
solution matrix Y G GL n (O a ), i.e. 

= AY. 

The monodromy representation 

Hy : 7Ti (X, a) — ► GL n (C) 

is given by analytic continuation of Y along paths in X with base point a. The im- 
age of this homomorphism is called the monodromy group of A. If we replace Y 
by another fundamental matrix for A then we obtain an equivalent representation. 
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Thus the monodromy group is defined up to conjugation. 



Proposition 6.2. If [iy is the monodromy representation of A G Mat n (C(z)) then 
the monodromy representation of t.A induced by t.Y is given by 

tti(X, a) — ► GL n (C), a i— ► r./iy(r _1 o a). 

Proof. Using formula © from Proposition 16 . 1 1 we obtain 

— (r.Y) = t.(—Y) = t.(AY) = t.At.Y 

oz oz 

thus t.Y is a fundamental solution matrix of t.A at r(a) = a. Let a be a loop with 
base point a. By above remarks, the analytic continuation of t.Y along to a is given 
by applying r to the analytic continuation of Y along a. Therefore 

t.Y h t .y(t ° a) = t.(Y fiy{a)) 
= T.YT.fi Y (a), 

which implies 

Ht.y(t ° a) = T./jy(a). 
The result follows by replacing a with r -1 o a. □ 



7. Descent with Riemann-Hilbert 

The following corollary together with the Riemann-Hilbert correspondence will 
be the key to solving the inverse problem over We say that two 9-equations 

g| = Ay and = By with A, B S Mat n (C(z)) are equivalent if there exists 
C e GL n (C(z)) such that C~ X AC - C" 1 ^ = B. 

Proposition 7.1. Let E/C(z) be a Picard-Vessiot extension for the matrix A S 
Mat n (C(z)). If the equation 2| = Ay is equivalent to its conjugate || = (r.A)y, 
i/ien E/C(z) descends to a Picard-Vessiot extension E/M(z). 

Proof. Without restriction let be a regular point for A. Then we obtain a fun- 
damental solution matrix Y € GL n (C((z))) with entries in the field of Laurent 
series. Here the derivation is extended to the field C((z)) in the obvious way such 
that the field of constants is still C. By definition the field C(z)(Y) C C((z)) is a 
Picard-Vessiot extension over C(z). We may denote it by E because Picard-Vessiot 
extensions are unique over C(z). The group T = Gal(C/K) acts on C((z)) by acting 
on the coefficients of the power series. 

The asumption that A is equivalent to t{A) implies that this Galois action restricts 
to an action on E. Thus [3TT1 implies the assertion. 

□ 
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We remark that one can generalize this result to descend from K{z) to K(z) for 
any field K. 

Let RegSing(C(z), S) be the category of regular singular linear differential equations 
over C(z) with singularities contained in the finite set S C P 1 . Let Repr 7ri be the 
category of finite-dimensional complex linear representations of the fundamental 
group 7Ti(P 1 \5). Both categories are neutral Tannakian categories over C. 
The main ingredient of the proof will be the Riemann-Hilbert correspondence which 
is stated in the following theorem. A proof may be found in [P S03 , Theorem 6.15]. 

Theorem 7.2. The functor 

M : RegSing(C(z),S) — » Repr^ 

which associates to an equation its monodromy representation is an equivalence of 
Tannakian categories. 

This theorem contains two striking facts both of which we will use in the proof of 
the main theorem. The first one is the existence of a regular singular equation for 
any prescribed monodromy representation. Secondly, a regular singular differential 
equation is determined up to equivalence by its monodromy representation: 

Corollary 7.3. Two regular singular equations over C(z) are equivalent if and only 
if their monodromy representations are equivalent. 

8. The inverse problem over R(z) 

Now we combine the above results to prove the main theorem. Using descent 
theory one obtains an equivalence of categories between linear algebraic groups over 
R and such groups over C together with a (compatible) action of the Galois group 
r = Gal(C/R) ( [Wat97| 17.3]). 

Theorem 8.1. Every linear algebraic group G overM is the differential Galois group 
of a regular singular differential equation over R(z) . 

Proof. Suppose G C GL n ^ as group schemes over R. Then G(R) is the group of 
elements of G(C) C GL„,(C) which are invariant under the natural action of T. By 
Lemma 5.13 in |PS03| there exist matrices C\, . . . , C r which generate a Zariski-dense 
subgroup of G(C). 

We choose r points in the complex upper halfplane and set 

S :={si,.. . ,s r ,r(s 1 ), . . . ,r(s r ), oo} . 

Let X denote the complement of S in P . We choose a real basepoint a£i For 
1 < i < r let on be a loop around which does not enclose any Sj for j ^ i. Then 
the group tti(X, a) is freely generated by the homotopy classes of a.\, . . . , a r , r o 
a±, . . . , t o a r . 
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By Theorem 17.21 there exists a regular singular equation given by A £ Mat n (C(z)) 
whose monodromy representation has the properties 

= Ci and /iy(r o a*) = r(Q). 

The differential Galois group of ^4 over C(z) is the group 67(C) since for regular sin- 
gular differential equations the monodromy group is Zariski-dense in the differential 
Galois group ( |PS03t Theorem 5.8]). 

Using Proposition 16.21 we compute the monodromy represention of the equation 
defined by t.A: 

fJr.Y(pti) = T.(^y(r _1 o aj)) 

= a 

and analogously 

[i T y(T o Oi) = T(Ci). 

Thus the monodromy representations of A and t.A are equivalent and Corollary 17.31 
implies that the equations defined by A and t.A correspondingly must be equivalent. 
Let E C O a be the Picard-Vessiot extension generated over C(z) by the above matrix 
Y 6 GL n (O a ). Then Proposition 17.11 and its proof imply the existence of an action 
of r on E commuting with the derivation and extending the action on C(z). The 
real structure E/M.(z) of E/C(z) is obtained by taking invariants under this action. 
The induced action on the differential Galois group G(C) = Aut d (E/C(z)) is then 
given by mapping <ft 6 67(C) to ro^o r _1 . Now let (f> be the automorphism induced 
by analytic continuation along a path a, i.e. 4>(Y) = Yhy(cx) as well as <P(t.Y) = 
r.y/i T .y(a). Then 

TO(j)OT- X (Y) = T.{(j){T.Y)) 

= t.{t.Y n T y{a)) 
= Yt.(hy(oi)), 

where the last step follows, because ^jl t .y{q) = \xy (oe) holds due to above calculations. 
So on the monodromy group, the action of T on G(C) C GL n (C) coincides with the 
action defining the real algebraic group G. But since the monodromy group is 
Zariski-dense inside G(C), the action must coincide on the whole group (7(C). 
Therefore the differential Galois group of E/M(z) is G. □ 

References 

[Del90] P. Deligne, Categories Tannakiennes, The Grothendieck Festschrift, Collect. Artie, in 
Honor of the 60th Birthday of A. Grothendieck. Vol. II, Birkhauser, Boston, 1990, pp. Ill— 
195. 

[DM82] P. Deligne and J.S. Milne, Tannakian categories, Lecture notes in mathematics, vol. 900, 

Springer- Verlag, 1982. 
[For81] O. Forster, Lectures on Riemann surfaces, Springer, 1981. 



22 



TOBIAS DYCKERHOFF 



[Gro71] Alexandre Grothendieck, Revetements etales et groupe fondamental (SGA 1 ), Lecture notes 

in mathematics, vol. 224, Springer- Verlag, 1971. 
[Har05] J. Hartmann, On the Inverse Problem in Differential Galois Theory, J. Reine Angew. 

Math. 586 (2005), 21-44. 
[Jan87] J.C. Jantzen, Representations of algebraic groups, Academic Press, 1987. 
[Lev90] A.H.M. Levelt, Differential Galois theory and tensor products, Indag. Math., New Ser. 1 4 

(1990), 439-449. 

[MS96] C. Mitschi and M.F. Singer, Connected groups as differential Galois groups, J. Algebra 
184 (1996), 333-361. 

[Neu71] J. Neukirch, Die Struktur der absoluten Galoisgruppe iiber dem Korper R(t), Math. Ann. 
193 (1971), 197-209. 

[PS03] M. van der Put and M. Singer, Galois theory of linear differential equations, Springer- 

Verlag, Berlin-Heidelberg-New York, 2003. 
[Ser97] J.-P. Serre, Galois cohomology, Springer- Verlag, Berlin Heidelberg, 1997. 
[Spr98] T.A. Springer, Linear algebraic groups, 2nd ed., Birkhauser, Boston, 1998. 
[Sti93] H. Stichtenoth, Algebraic function fields and codes, Springer, 1993. 

[TT79] C. Tretkoff and M. Tretkoff, Solution of the inverse problem of differential Galois theory 

in the classical case, Amer. J. Math. 101 (1979), 1327-1332. 
[Wat97] W.C. Waterhouse, Introduction to affine group schemes, Springer, 1997. 



University of Pennsylvania, Department of Mathematics, David Rittenhouse Labo- 
ratory, Philadelphia, PA 19104 

E-mail address: tdyckerh@math.upenn.edu 



